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We analyze the effective action describing the linearised gravitational self-action for a 
classical superconducting string in a curved spacetime. It is shown that the divergent 
part of the effective action is equal to zero for the both Nambu-Goto string and chiral 
■ superconducting string. 

o\ . 

Now it is well understood that topological defects in quantum field theory may play 
an essential role in cosmology, and the vertex line defects describable on a macro- 
scopic scale as cosmic strings are most likely to be actually generated at phase 
transitions in the early Universe. 1 Strings are predicted by many of the commonly 
considered field theoretical models, and their gravitational effects become the ques- 
tion of increasing interest during last twenty years. Indeed, the evolution of a cosmic 
y ' string network may play an essential role in the formation of the large scale structure 

of the Universe observed at the present time. But possible cosmological applications 
is not the only reason for this consideration. There are some nontrivial features in 
the interaction of strings with gravity. One of them is the absence of gravitational 
bremsstrachhmg from colliding straight gravitating segments 2 , while test particle 
freely moving near Nambu-Goto string emits gravitational waves. 3 Another one is 
the absence of classical linearised self-interaction of a Nambu-Goto string with a 
gravitational field in a four-dimensional Minkowski spacetime. 4 ' 5 The last result is 
nontrivial. We know that in a lot of applications the radius of curvature of a string 
is much larger that its transverse diameter. So, the string can be considered to be 
infinitely thin, and the dynamics of the vertex line can be described with the use of 
the Nambu-Goto action or its generalization, if the interaction with an electromag- 
netic field or the fields of axion and dilaton is taken into account. In these cases 
underlying gauge theory is used only for the fixing the parameters in a string action. 
Interaction with matter fields give rise to outgoing flaxes of corresponding quanta. 
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At the same time zero thickness of strings must lead to the divergence of a self-force. 
This problem is well known in classical electrodynamics. In the case of point charge 
in Minkowski space such a situation was considered by Dirac 6 who showed that the 
divergence in the self-action can be removed by the renormalization of the particle 
mass with the use of corresponding classical countcrtcrm. Analogous problem has 
been studied in a lot of papers for the string interacting with linearised gravitational 
field on Minkowski background, with electromagnetic field, with dilaton and axion, 
see [4, 5] and the Refs. therein. From our point of view, the absence of classical 
linearised gravitational self-interaction is the most interesting result of the previous 
consideration. In the case of straight Nambu-Goto string this conclusion is more or 
less obvious because Newtonian potential of such a string is equal to zero. But for 
the curved string, for the string in an external gravitational field or for the string 
with some internal degrees of freedom, say a currentcarrying one, the answer is not 
obvious. So, we can say that even at classical level interaction of cosmic strings with 
gravitational field, and in particular gravitational self-interaction, is not properly 
investigated. 

Here wc consider gravitational self-action of a chiral currentcarrying string, i.e. 
a superconducting string with an isotropic current. Chiral strings are of increasing 
interest because this simple model may be considered as a first step towards the un- 
derstanding of a full theory including superconductivity in strings. ^From the other 
hand, vertex defects of this type arise naturally in some kinds of supersymmetric 
theory, and there are some interesting cosmological consequences of their existence. 
In particular, current can stabilize cosmic string, and chiral vortons are expected 
to be more stable than non-chiral string loops. 

We use the metric with the signature (H ) and the system of units c = 1. 

In order to describe the macroscopic effects of the currents arising from the pro- 
cesses of superconducting kind, Wittcn 7 proposed the use of simple generalization 
of the Nambu-Goto model which is characterized by the action 



where (, a a = 0, 1 are the internal coordinates on the world sheet which is imbedded 
in the four-dimensional spacetime with coordinates x M and metric g^, 7 is the 
determinant of the induced metric j ao = g^ v x^ a x v h . 

In this model there is an additional internal scalar field <j> in terms of which one 
can express the worldshcet supported conserved current 
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In Eq. (3) e ab '/ 'y/^y stands for the two-dimensional Levi-Civita tensor, with e 01 = 
-e 10 = -l. 

The surface current J a and energy-momentum tensor T a b are the two-dimensional 
tensorial fields defined on the worldshcct of a string, while corresponding four- 
dimensional sources which determine electromagnetic and gravitational interaction 
of the string read 

T af} (x) = J d 2 C^T ab (()d a x a d b x^S\x,x(0) • (4) 

And, as in the Dirac's case, the ultraviolet divergence in a self-force, if it is, is the 
consequence of a distributional nature of the currents (4) . 

Below we will consider the case of chiral string with a so-called null current. 
This condition does not mean that the current itself must be equal to zero, but that 
it is timelike 

labJ a J" = = 7°V,«^6 • (5) 

For the chiral string the last term in Eq. (3) vanishes, but the energy-momentum 
tensor still differs from the one describing string of the Nambu-Goto type. So, one 
can suppose the existence of some differences in the interaction of a Nambu-Goto 
and currentcarrying strings with an external gravitational field. 

To allow for the interaction with a linearised gravitational perturbations, one 
must perform the replacement g i— ► g + h which is equivalent to the augmentation 
of the string Lagrangian in Eg. (1) by the interaction term 

L str [g] i * Cstrlg] - ^T ab d a x»d b x»h^(x(()) , (6) 

As for the gravitational action, wc must expand it in powers of h^ u up to the 
second-order terms. 

Corresponding equation for the linear metric perturbations has the wellknown 

form 

6S gr [g] _ y—g 

d 5g^(x) ~ 2 ^ AX) ■ [{) 

Second-order variational derivative of the gravitational action can be found for 
example in Ref.[7]. 

Substituting the solution of the Eq. (7) back into the total action, we obtain 
S tot [g,x,<j>] = S gr [g] + S s tr[g,x,4>} + 

+ j / d 2 (V^f J rf 2 C'v /z 7 7 ^(0<5^ I ,,(C,C')^ v '(C / ) , (8) 

where for simplisity we use the notation T' 1 " = d a x tJ, di,x l/ T ab . 

The second and the third terms in the Eq.(8) depend on the string variables and 
describe the dynamics of an infinitely thin cosmic string which interacts with it's 
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linearised gravitational field. When gravitational radiation from the string is not 
taken into account G 9 J V . , is the real part of the Feynman propagator. 

In the Lorentz gauge, when (/i M „ — l/2g M1/ /i) ;AI = 0, this equation becomes 

(Sffin + H«%) G^,(x,x') = -167T {g^g vv . - \g^9^ 5(x,x') , (9) 

and H g "P takes the form 

H°%, = -2R a J - 2SfX) - \d^9 a(i R + 9^R a(i + &°&%R ■ (10) 
Proceeding along the same line as in Ref. [9] one can obtain the expression 

G%,n>A x i x> ) = 2A 1/2 (x,x') {e^e vv , - ^g^g^J^j 5{a)+ 

+ 6(-<j)v ij , vijiIv >(x,x') . (11) 

In the last equation A (x, x') = — (— g(x))^ 1 / 2 det (d 2 ,a(x, x')) (— .g(x'))~ 1//2 , is 
the bivector of parallel transport, cr is the half of geodesic distance between points x 
and x', and v^ vll ' v i(x,x') denotes some regular function, which must be calculated 
for any particular case. 

^From Eq. (11) we can see that the part of the action we would expect to be 
divergent is 

S div - || d 2 (^(0 J d 2 ('^(C)AV 2 ((,C)S (*((,(')) x 

x T^(C) (e^e^, - \g^g^ T" V (C') . (12) 

In four spacetimc dimensions the integral in Eq.(12) diverges logarithmically as 
£ — > and it must be renormalizcd. This integral can be estimated with the use 
of the normal Riemann coordinates on the world sheet with the origin at the point 
( or using any other regularization scheme, see for example Ref. [5], 

S eff = 2G log j I d 2 (V^T^ (g^gvs - \g^g^ T' ,s + S fin , (13) 

where 6 is a short-range cutoff length, which is identified with the string radius, 
while A must be introduced because of the logarithmic dependence of S in Eq. (13). 
This infrared regularization length corresponds to the distance at which conical 
geometry of string is disturbed by the background geometry. 

Now we have to substitute the explicit expression for T^ u into Eq. (13). We 
then obtain 

S div =Glogj f d 2 (^J 4 . (14) 
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We calculated the divergent part of the effective action for a currentcarrying 
string interacting with gravitational field. Eq. (14) shows that linearised gravi- 
tational self-interaction in the presence of an external gravitational field is equal 
to zero for the both Nambu-Goto and superconducting chiral string. This result 
generalizes the one obtained in Refs. [4, 5]. 

The finite part of the action determines the effect of the topological self-action 
which is equal to zero in the Minkowski space. There is no general prescription 
for its calculation. Sometimes the finite part of the self-force can be calculated 
explicitly 10 ' 11 or with the use of perturbative technique. 12 

If J 2 i=- the situation becomes some more interesting. In this case the logarith- 
mic divergent term (14) does not renormalize the bare action (1) because there is 
no term <~ J A in Eq. (1). It seems that this seems that the full noncontradictional 
theory of superconducting string must be a nonlinear theory. 
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